On a Series of Cosecants  by Kac, M. & Salem, R.
MATHEMATICS 
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BY 
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(Communicated by Prof. J. F. KoKSMA at the meeting of February 23, 1957) 
00 
Let {ck}i"' be a sequence of non negative numbers such that~ ck < oo. 
1 
vY c propose to prove the following theorem: If the series 
00 
(l) ~ CJc 
1 jsin kxj 
conTcrges ~n a set of positive measure, we have 
(2) 
Conversely, if this condition is satisfied, the series (1) converges for almost 
all x. 
Proof. If the series (1) converges in a set of positive measure, there 
exists in ( -n, n) a set E of positive measure in which the series converges 
00 
uniformly. Let x(x) be the characteristic function of E and let~ iXn cos nx 
0 
be its Fourier series. One has £X0 = 2~ IE I, where IE I denotes the measure 
of E. 
Let {mJc} be a sequence of integers to be determined later on. The series 
00 
converges uniformly in E. Denote by ~ f3n(k) cos nx the Fourier senes 
0 
of the functiOn . , depending on k. . I sin ~kx I 
Sill X 
One has 
A being an absolute constant; and it is easily seen that 
sin ~kx B being an absolute constant, since in each interval where sin x has a 
constant sign, its second derivative is O(mt). 
18 Series A 
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The series 
~ 2" I sin kmkx I ked x(x) . k dx 
1 O S1ll X 
is convergent. Let S be its sum. One has 
so that 
00 00 00 
S>AIEI1cklogmk-n 1 Ck· 111XnkP,.(k)i. 
1 k~1 n~1 
But 
and since 
one has 
00 (00 )1 S>AIEI tcklogmk-B1 t c~m~ 2 
B1 being an absolute constant. It is now enough to choose mk ,..., ck -t in 
order to see that unless the condition (2) is satisfied, S cannot be finite. 
Suppose now that (2) is satisfied. Let IP.k be the interval of length ~ 
and center n:, p integer ( -k<.p<k) and let @:k be, for a fixed k, the set 
complementary to the union of the 2k intervals Ip,k· It is immediately 
seen that 
dx Jk I sin kx <0 log ck, 
0 being an absolute constant. Hence, if (2) is satisfied, the series 
and thus also the series (1), converges almost everywhere in the set inter-
section of all @:k with k;;;.m. But, O@:k denoting the complementary of 
@:~ and IO@:k I its measure, 
!O@:mi+IO@:m+11+ ... =2(cm+cm+1+ ... ) 
tends to zero as m-+ =,and since m is arbitrarily large, the result follows. 
267 
Remark. It is of interest to observe that the problem of the necessary 
and sufficient condition for the convergence of the series 
(:3) 
in a set of positive measure, when £X> l, seems to be less easy to solve 
than the preceding one 1 ). The same method as above shows that ! ck < oo 
is a sufficient condition 2). But the necessary condition which can be 
obtained by the argument of the present paper is weaker. Moreover, it 
has been observed by A. C. ScHAEFFER (for the case £X= 2, which seems 
to be typical) that the condition L ck<oo is not, in general, necessary 3 ). 
However, if the sequence {ked is decreasing, it follows easily from the 
well known theorem of Khintchine on approximation of irrationals that 
the series (3) cannot converge in a set of positive measures unless !ck<oo. 
This last remark is due to ZYGMUND. 
1 } The case IX < I is trivial and leads to l:ck < oo as a necessary and sufficient 
condition. 
2) This shows that if l:ck < oo, the series l: ±81~~"' converges almost every-
where in x, for "almost all changes of signs". 
3 ) Schaeffer's result has not been published, but has been stated and proved 
at a seminar held in the University of Chicago during the summer 1956. 
